The bound state spectrum of the low-lying triplet states in the Be atom is investigated. In particular, we perform accurate computations of the bound triplet S, P , D, F , G, H and I states in the Be atom. The results of these calculations are employed to draw the spectral diagram which contains the energy levels of the triplet states. Based on our computational results we can observe transitions from the low-lying bound states to the weakly-bound Rydberg states. For the 2 3 S, 3 3 S and 4 3 S states in the Be atom we also determine a number of bound states
I. INTRODUCTION
In this study we investigate the bound state spectrum of the low-lying triplet states in the four-electron Be atom. As is well known (see, e.g., [1] ) the bound state spectra of the four-electron Be atom and Be-like ions include the two separate series: singlet states and triplet states. In the lowest order approximation of the fine-structure constant α, where α = , there are no optical transitions between these two series of bound states.
The bound triplet states in different four-electron atoms and ions have been neglected for quite some time, while various theoretical, computational and experimental works performed recently for the four-electron atoms and ions were mainly oriented towards the singlet states in such systems. In contrast with the singlet states in the four-electron atoms and ions, for the triplet bound states only a few highly accurate results are now known (see, e.g., [2] , [3] and references therein).
On the other hand, different triplet bound states in the four-electron atoms and ions are of great interest in a large number of physical problems, including spectral analysis of the stellar and laboratory plasmas, accurate prediction of the properties of the light element plasmas at high temperatures and arbitrary pressures, etc. For instance, many spectral lines which correspond to the four-electron B + , C 2+ , N 3+ and O 4+ ions are observed in the emission spetra of the hot Wolf-Rayet stars (see, e.g., [4] , [5] and references therein). The Wolf-Rayet stars are known as the brightest radiating objects in our Galaxy [6] . They can be used in the future to create a very accurate and reliable navigation system in our Galaxy.
Currently, the bound state spectrum of the triplet states in the four-electron atomic systems (atoms and ions) is not a well known subject, and the present work provides important data in this area. The total energies of many excited states are known only approximately.
The order of different bound (triplet) states is wrongly predicted, and only approximately known. Published spectroscopic papers (see, e.g., [7] ) do not include any of the rotationally excited bound states with L ≥ 4. This situation has motivated us to perform accurate numerical computations of various S(L = 0),
H(L = 5) and I(L = 6) states in the Be atom with the infinitely heavy nucleus. Such a system is usually designated as the ∞ Be atom. As follows from 
II. HAMILTONIAN AND BOUND STATE WAVE FUNCTIONS IN CI-METHOD
The Hamiltonian H of the four-electron atomic system is written in the form
whereh is the reduced Planck constant, m e is the electron mass, e is the absolute value of the electron charge of the electron. Also, in this equation Q and M n are the electric charge and mass of the nucleus expressed in e and m e , respectively. It is clear that M n ≫ 1 and some bound states in the four-electron atoms/ions can be observed, if Q > 3 in Eq.
(1).
This means that the ground (singlet) state in the Li − ion is bounded, while the negatively charged He 2− ion does not exist as a bound system in any state.
In Eq.
(1) and everywhere below the subscript 5 denotes the atomic nucleus, while subscripts 1, 2, 3 and 4 stand for electrons. As mentioned above the four-electron Be atom has two independent series of bound states: singlet states and triplet states. The ground singlet state with L = 0 (also called the 2 1 S state) has the lowest total energy E = -14.667 355 3(5) a.u. The total energies of the two bound 2 1 P (L = 1) and 2 3 P (L = 1) states are: E = -14.473 44 a.u. and E = -14.567 24 a.u. (see discussion and references in [3, 9] ), respectively. 
is a projector operator. It indicates that all such configurations are the eigenfunctions of theL 2 operator with the eingenvalue L(L + 1). Among all possible symmetry adapted configurations we have selected the ones with an energy contribution to the total energy of the state under consideration is > 1 · 10 −7 a.u., see Table I . In the last equation the notation
1 is the spin eigenfunction of the triplet state with S = 1 and S z = 0, which have been chosen in the form
In this work the total energies of a number of bound triplet S, P , D, F , G, H and I states have been determined to relatively high accuracy. The total energies of these states are shown in Table II . These energies in Table II are ordered with respect to their numerical values. As follows from this Table the triplet, rotationally excited states, i.e. P , D, F , G, H and I states, are slightly more stable than the corresponding S states with the same principal quantum number n (n = 2, 3, 4, 5, . . .). Also, the direct comparison of the total energies of the triplet and singlet states would be interesting to study the fulfillment of the Hund's rule of maximum multiplicity in the four-electron Be atom. The total energies of some triplet P states in the Be atom were evaluated in a few earlier studies using the variational fullcore plus correlation wave function (FCPC) [9, 11] (note that the non-relativistic variational FCPC energy values are also corrected including the relativistic effects of the 1s 2 electrons, we call this method 'FCPC corrected') and others based on explicitly correlated Monte Carlo (MC) [3, 12] and Multiconfiguration Hartree-Fock methods (MCHF) [13] . These calculations are summarized in Table III . Figure 1 shows the approximate bound state spectrum of the triplet states of 9 Be. For this picture we have used our best-to-date results (total energies) and best energies known from the literature. The graphical representation of the excited P , D, F , G, H and I triplet states is approximate and it is based on the CI calculations of this work.
It is clear that the total energy of an arbitrary bound state in the four-electron Be atom must be lower than the total energy of the ground (doublet) 2 2 S state of the three-electron Be + ion (dissociation or threshold energy E tr ), which equals -14.324 763 176 47 a.u. [14] . If (and only if) this condition is obeyed, then such a state is a truly bound state. As follows from Table II all states considered in this study are bound.
III. GENERAL STRUCTURE OF THE BOUND STATE SPECTRA
The method described above allows one to conduct accurate computations of different bound states in the four-electron atoms and ions. Such states include both the singlet and triplet bound states and rotationally excited bound states with arbitrary, in principle, angular momentum L. It opens a new avenue in the study of the bound spectra in fourand many-electron atoms and ions, since in all earlier works only one (or very few) bound states with L ≤ 1 were considered. Based on the results of these studies it was very difficult to obtain an accurate and realistic picture of the bound state spectra in the four-electron atoms and ions. Now, we can investigate the whole bound state spectra of the different four-electron atomic species.
For the triplet states in the Be atom considered in this study we determined the total energies of a large number of bound states. For better understanding of the relative positions of these bound states we plotted the total energies of these (triplet) bound states in one diagram (see Fig.1 ). In old books on atomic spectroscopy such pictures (or diagrams)
were called the 'spectral diagrams'. Thus, our Fig.1 is the spectral diagram of the triplet states of the ∞ Be atom. Later, we have found that such a spectral diagram is a very useful tool for studing some effects (e.g., electron-electron correlations and electron-electron repulsion) which essentially determine the actual order of the bound states in the spectrum and energy differences between them. Formally, by performing numerical calculations of a large number of bound states in atomic systems one always needs to answer the two following questions: (1) predict the correct order of low-lying bound states, and (2) describe transitions between the low-lying bound states and weakly-bound Rydberg states. To solve the first problem we can compare our results with the known experimental data for Be atom [7] . In general, the agreement between our computational results and picture (see Fig.1 ) and data for the beryllium atom presented in [7] can be considered as very good. It is clear we have calculated only the non-relativistic (total) energies, i.e. all relativistic and lowest-order QED corrections were ignored. Note also that our CI-method is substantially more accurate than various procedures based on Hartree-Fock approximation, but it still provides a restricted description of the electron-electron correlations in actual atoms and ions. Nevertheless, the observed agreement with the actual bound state spectra of the triplet states in the Be atom (or 9 Be atom) is very good for low-lying bound states.
The second question formulated above is related to the weakly-bound Rydberg states which were called the 'hydrogenic' states in old atomic physics books. To explain the situation we note that the total energies of such states in the Be atom are described by the following formula (in atomic units)
where L = ℓ (in this case), n is the principal quantum number of the nL state (L is the angular quantum number) of the Be atom and ∆ ℓ is the Rydberg correction which explicitly depends upon ℓ (angular momentum of the outer most electron) and the total electron spin of this atomic state. It can be shown that the Rydberg correction rapidly vanishes with ℓ (for given n and L). Moreover, this correction ∆ ℓ also decreases when the principal quantum number n grows. It follows from this that the energy differences between the corresponding singlet and triplet bound states with the same n and L rapidly converges to zero when any of these two quantum numbers increase. This criterion is important in applications and allows one to classify all bound states as the Rydberg states, pre-Rydberg and non-Rydberg states.
As follows from the results of our calculations all bound states with n ≥ 6 in the beryllium atom are the weakly-bound, Rydberg states. On the other hand, all bound triplet states in the Be atom with n ≥ 4 can be considered as pre-Rydberg states. To illustrate this we have determined the total energies of the triplet 4 3 F , 5 3 G states and compared them with the total energies of the singlet 4 1 F , 5 1 G states (see Table IV ). As follows from Table IV 
IV. VARIATIONAL EXPANSION IN MULTI-DIMENSIONAL GAUSSOIDS
It should be mentioned here that some bound n 3 S and n 3 P states in the Be atom have also been evaluated (see below) with the use of the basis set of multi-dimensional gaussoids proposed by Kolesnikov and Tarasov in the middle of 1970's for nuclear few-body problems.
We shall call this wave function in the next section the 'KT-expansion' [15] . This method is different from the CI method mentioned above, but it allows one to evaluate very accurately total energies for some low-lying S and P states in the four-electron atoms and ions. This method is discussed below for the bound triplet 3 S states in the Be atom.
First, note that the wave function of an arbitrary bound 3 S states in the Be atom can always be represented as the sum of products of the radial and spin functions (or configurations) [16] . For a triplet we use the spin eigenfunction with S = 1 and S z = 1, where S is the total electron spin, i.e. S = s 1 + s 2 + s 3 + s 4 , of four-electrons and S z is its z−projection. Therefore, our spin function χ 11 (1, 2, 3, 4) is defined by the following equalities: S 2 χ 11 (1, 2, 3, 4) = 1(1 + 1)χ 11 (1, 2, 3, 4) = 2χ 11 (1, 2, 3, 4) and S z χ 11 (1, 2, 3, 4) = χ 11 (1, 2, 3, 4). In general, there are two such spin functions for each four-electron atom/ion in the triplet state. Below, we chose such functions in the form χ 
where the notation {r ij } designates all ten relative coordinates (electron-nuclear and electron-electron coordinates) in the four-electron Be atom, while the notation A e means the complete four-electron antisymmetrizer. The explicit formula for the A e operator is Analogous formulas have been found for two other spatial projectors P ψφ = P φψ and P φφ .
The explicit formulas for the P ψφ = P φψ and P φφ spatial projectors are significantly more complicated and not presented here. These formulas can be requested from the authors. In actual bound state calculations we can always restrict ourselves to one spin function, i.e. χ
11 , (or one spin configuration) and use the formula, Eq.(7). The functions ψ(A; {r ij }) and φ(B; {r ij }) in Eq.(5) are the radial parts (or components) of the total wave function Ψ. For the bound states in various five-body systems these functions are approximated with the use of the KT-variational expansion written in ten-dimensional gaussoids [15] , e.g., for the ψ(A; {r ij }) function we have
where N A is the total number of terms, C k are the linear variational coefficients and P is the spatial projector defined in Eq.(7). The notations A (or notations A and B in Eq. (5)) stands for the corresponding set of the non-linear parameters {a (k) ij } (and {b (k) ij }) in the radial wave functions, Eq.(8) (or Eq. (5)). It is assumed here that these two sets of non-linear parameters A and B are optimized independently of each other.
In general, the KT-variational expansion is very effective for various few-body systems known in atomic, molecular and nuclear physics. A large number of fast algorithms developed recently for optimization of the non-linear parameters in the trial wave functions, Eq.(8), allow one to approximate the total energies and variational wave functions to high accuracy. In some cases, however, the overall convergence rate for some bound state properties is considerably lower than for the total energies and other properties. In particular, it was found that the expectation values of the two-and three-particle delta-functions, e.g., δ(r eN ) , converge slowly. In other words, it takes a long time to approximate these expectation values to high accuracy. The total energy and other expectation values do not change drastically during such an additional optimization of the non-linear parameters in the wave functions. In this study we report a number of expectation values computed for the bound triplet 2 3 S, 3 3 S, 4 3 S and 5 3 S states of the Be atom (see Table IV ) computed with the use of KT-expansion. The expectation values of the electron-nuclear delta-function δ(r eN ) for these states are important to perform approximate numerical evaluation of the hyperfine structure splitting for each of these states in the 9 Be atom.
V. BOUND STATE PROPERTIES
Variational KT-expansion in multi-dimensional gaussoids allows one to obtain very accurate numerical values of the total energies. The fastest convergence of the KT-expansion is observed for the low-lying 3 S states. In this study by using the KT-expansion we have determined the total energies and some other bound state properties of a few low-lying triplet Tables IV and V. The expectation values from Tables IV and V expectation values can be used in various applications, e.g., electron-nuclear delta-functions are needed to determine the hyperfine structure splittings in the triplet S states (see, e.g., [2] ). Another interesting problem is to study changes in the bound state properties of the triplet S states which occur when the electric charge of the central nucleus Q increases.
Since the parameter Q in Eq.
(1) is an integer number, then we can write for an arbitrary
where the coefficients a 2 , a 1 , a 0 and form the principal part of the expansion, Eq.(9). The explicit form of expansion Eq. (9) follows (see, e.g., [17] ) from the fact that the non-relativistic Coulomb Hamiltonian Eq. (1) is a quadratic form of the electron momenta p i (i = 1, 2, . . . , N) for N−electron atoms.
In actual applications to atomic systems the formula, Eq. (9), is used to predict the bound state properties, including the total energies, for those atomic systems for which direct numerical calculations is either difficult, or impossible. In reality, the numerical values of the coefficients a 2 , a 1 , a 0 and b 1 , b 2 , b 3 , . . . are determined by fitting the results of accurate numerical computations with Eq.(9).
In this study by using the total energies of a number of bound 2 3 S−states in the fourelectron Be atom and some Be-like ions (B + , C 2+ , . . . , Na 7+ and Mg 8+ ) we determine the coefficients a 2 , a 1 , a 0 and b 1 , b 2 , b 3 for the total energies. In other words, we determine the actual six-term expansion, Eq. (9), for the function E(Q) (see Table VI ). Note that the total energies of the 2 3 S states in these ions (see Table VI ) are now known to much better accuracy, than it followed from earlier studies. Therefore, we can make a conclusion that our coefficients a 2 , a 1 , a 0 , b 1 , b 2 and b 3 are also substantially more accurate and reliable than values obtained in earlier works. In principle, by using the same formula, Eq. (9), we can evaluate other bound state properties for various bound states in the four-electron ions.
VI. CONCLUSION
We have investigated the bound state spectrum of the low-lying triplet states in the four-electron Be atom. The total energies of the bound S(
) and I(L = 6) states have been determined to the accuracy ≈ 1 · 10 −3 − 2 · 10 −3 a.u. which is much better than methods based on the Hartree-Fock approximation can provide. The results of our calculations are accurate and they agree with the experimental data known for these states from [7] . Note that our advanced approach has no restrictions in applications and allows one to investigate the whole spectrum of bound (triplet) states in the four-electron Be atom and Be-like ions. Such an analysis includes rotationally excited and highly excited states, and states with the different (total) electron spin. By using our method it is possible to observe and investigate the actual transition from the low-lying bound bound states to the weakly-bound (or Rydberg) states in the spectra of the four-electron Be atom. These important advantages of our approach allowed us to draw the first spectral diagram of the triplet states in the four-electron beryllium atom. It appears that such spectral diagrams can be very useful in theoretical research and experimental applications.
Briefly, we can say that this work opens a new avenue in accurate numerical analysis of the bound triplet states in four-electron atoms and ions. It is expected that other theoretical and experimental works on the triplet states in four-electron atoms and ions will follow. In particular, in our next study we want to consider the low-lying triplet bound states in the four-electron, Be-isoelectronic ions, including such ions of boron, carbon and nitrogen which are important in stellar astrophysics. An obvious achievement of our study for the few-body physics is the analysis of the whole spectra of bound (triplet) states in the four-electron atom(s), while in all earlier works only a very few bound states were investigated.
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